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ABSTRACT. We determine the finite-dimensional simple modules for two- parameter 
quantum groups corresponding to the general linear and special linear Lie algebras 
g[ n and sin, and give a complete reducibility result. These quantum groups have a 
natural n-dimensional module V. We prove an analogue of Schur-Weyl duality in 
this setting: the centralizer algebra of the quantum group action on the Ai-fold tensor 
power of V is a quotient of a Hecke algebra for all n and is isomorphic to the Hecke 
algebra in case n > k. 



Introduction 

In this work we study the representations of two two-parameter quantum groups 
U = U rtS (gl n ) and U = U rtS (sl n ). Our Hopf algebra U is isomorphic as an algebra 
to Takeuchi's U riS -i (see [T]), but as a Hopf algebra, it has the opposite coproduct. 
As an algebra, U has generators ej, fj, (1 < j < n), and af 1 , bf 1 (1 < i < n), 
and defining relations given in (R1)-(R7) below. The elements a^ 1 , bf 1 generate 
a commutative subalgebra U°, and the elements ey, fj, ^f 1 , (^j)^ 1 (1 < J < ra )> 
where u)j = ctjbj + i and u'j = Oj+i&j, generate the subalgebra U = U rtS (sl n ). 

The structure of these quantum groups was investigated in [B W] , where we real- 
ized both U and U as Drinfel'd doubles of certain Hopf subalgebras and constructed 
an i?-matrix for U and U. In particular, for any two [/-modules in category O (de- 
fined in Section 3), there is an isomorphism Rm>,m '■ M' <g) M — > M <g> M'. The 
construction of Rm',m is summarized in Section 4 of this note. In Sections 2 and 
3, we classify the finite-dimensional simple [/-modules when rs _1 is not a root of 
unity and prove that all finite-dimensional [/-modules on which U° acts semisimply 
are completely reducible. These results hold equally well for U. The hypothesis 
on U is necessary: we provide examples of finite-dimensional modules that are 
not completely reducible. Our complete reducibility proof uses a quantum Casimir 
operator defined in [BW] and parallels the argument in [L]. 



2000 Mathematics Subject Classification. Primary 17B37, 16W30, 16W35, 81R50. 
1 The authors gratefully acknowledge support from National Science Foundation Grant 
#DMS-9970119, National Security Agency Grant #MDA904-01-l-0067, and the hospitality 
of the Mathematical Sciences Research Institute, Berkeley. 



1 



Typeset by A^S- TgX 



2 



GEORGIA BENKART, SARAH WITHERSPOON 



There is a natural re-dimensional module V for U (resp., U) defined in Section f . 
On tensor powers V m of V, the transformations Ri = Id 0(i_1) ®R vy (gild ^"*"^ 
(1 < i < k) commute with the action of U, and so they generate a subalgebra of 
Endjj(V® k ). This yields a map from a two-parameter Hecke algebra Hk(r,s) to 
Endjj(V® k ). In the final section we prove a two-parameter analogue of Schur-Weyl 
duality: The transformations Ri generate the full centralizer algebra End^(V^ k ), 
and in case re > k, this centralizer algebra is isomorphic to H)~(r,s). The proof 
is elementary relying only on basic facts about the representations and explicit 
computations, and we believe it is new in the one-parameter case as well (compare 
[Ji]). It is similar to a proof of classical Schur-Weyl duality due to the first author, 
which can be found in [H] . An interesting consequence of the argument is the result 
that V® k is a cyclic [/-module for n > k. 

Throughout we will work over an algebraically closed field K. 

§1. Preliminaries 

First we recall the definitions of the two-parameter quantum groups from [BW], 
and some basics about their representations. Let ei, . . . , e n denote an orthonormal 
basis of a Euclidean space E with an inner product ( , }. Let II = {ctj = €j — e J+ i | 
j = 1, . . . , re — 1} and $ = {ej — ej | 1 < i ^ j < re}. Then $ is a finite root system 
of type A n _i with II a base of simple roots. 

Fix nonzero elements r, s in K with r ^ s. 

Let U = U r ^(gl n ) be the unital associative algebra over K generated by elements 
ej, fj, (1 < j < re), and af 1 , bf 1 (1 < i < re), which satisfy the following relations. 

(RI) The o^ 1 , b^ 1 all commute with one another and o^a" 1 = bjbj 1 = 1, 
(R2) a^j = r( eua ^ ejdi and a i fj=r~ { ~ ei ' a ^fja i , 
(R3) b&j = s^'^ejbi and bifj = <H ei -^> fjbi, 
5 

(R4) [e i: fj] = -^-(aib i+1 - a i+1 bi), 

(R5) [ ei , ej ] = [fi,fj]=0 if \i-j\ > 1, 

(R6) eje i+ i - (r + s)e i e i j r xei + rse i+1 ej = 0, 
e,ef +1 - (r + s)e i+1 eie i+1 + rse 2 i+l ei = 0, 

(R7) fff i+1 - (r" 1 + s-^fifi+tfr + r-^-Vi+i/? = 0, 
fif! +1 - (r" 1 + 8- 1 )f i+1 f i f i+1 + r-^" 1 /^!/, = 0. 

We will be interested in the subalgebra U = U riS (sl n ) of U = U riS (Ql n ) generated 
by the elements ej, fj, Uj, and uj'- (1 < j < re), where 

(1.1) = cijbj+i and w'- = cij+ibj. 



These elements satisfy (R5)-(R7) along with the following relations: 
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(Rl') The ujf 1 , u^ 1 all commute with one another and uJi<jJ~ x = u^(a/) _1 = 1, 
(R2') LOiej = r< e<>a i>s< e *+ 1 ' a i>e i w < and uo t f = r~^' a ^ a -te+i.«j> f jLOh 
(R3') wfo =r< ei + 1 ' a ^s< ei ' a ^e j ^ and c^/,- = r -{^+^i) s -(^j) f jU '.^ 

(R4') fe^-^-^-^). 

When r = q and s = the algebra U rjS (gl n ) modulo the ideal generated by 
the elements hi — a" 1 , 1 < i < n, is just the quantum general linear group U q (Ql n ), 
and U r}S (sl n ) modulo the ideal generated by the elements uo'- — ujj 1 , 1 < j < n, is 

l/,(sln). 

The algebras U and £/ are Hopf algebras, where the af 1 ,^ 1 are group-like 
elements, and the remaining Hopf structure is given by 

A(e;) = ei <g> 1 + uJi ® e u A(/i) = 1 © ft + /< © w-, 
e(e i )=e(/ i )=0, 5(e,) = -^" 1 e l , 5(/0 = -/i^)" 1 . 

Let A = Zei © • • • © Ze n , the weight lattice of gl n , and Q = ^ the root lattice. 
Corresponding to any A € A is an algebra homomorphism A from the subalgebra 
U° of U generated by the elements af 1 , bf 1 (1 < i < n) to K given by 

(1.3) A(oi) = r <e " A) and A(6») = s <£l ' A> . 

The restriction A : U° — > K of A to the subalgebra £7° of J7 generated by wf 1 , (uJj) ±1 
(1 < j < re) satisfies 

(1.4) A(^) =^ <ej ' A> s <ej+1 ' A> and A(u^) = r ^+ 1 ' A) s^' A) . 

Let M be a module for C7 = ?7 r , s (fltn) of dimension d < oo. As IK is algebraically 
closed, we have 

M = 0M x , 

x 

where each x : ^° — » K is an algebra homomorphism, and M x is the generalized 
eigenspace given by 

(1.5) M x = {m e M \ (en - X {a t ) l) d m = = (h - xik) l) d m, for all t}. 

When M x ^ we say that x 1S a weight and M x is the corresponding weight space. 
(If M decomposes into genuine eigenspaces relative to U° (resp. U°), then we say 
that U° (resp. U°) acts semisimply on M.) 

From relations (R2) and (R3) we deduce that 
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(1.6) 



ejM x C M X .S5 



where 67^ is as in (1.3), and x ' ip ' 1S the homomorphism with values (x ■ V0( a *) = 
X(ai)ip(a,i) and (x ■ */>)(&i) = x{bi)^{bi). In fact, if (a; - x(«i) l) fe "z = 0, then 
applying relation (R2) yields (a, — x( a i) r ^ ei ' aj ^ ^) k ejm = 0, and similarly for 6j 
and for /j. Therefore, the sum of eigenspaces is a submodule of M, and if M is 
simple this sum must be M itself. Thus, in (1.5), we may replace the power d by 
1 whenever M is simple, and U° must act semisimply in this case. We also can 
see from (1.6) that for each simple M there is a homomorphism x so that all the 
weights of M are of the form x • C, where ( G Q. 

It is shown in [BW, Prop. 3.5] that if ( = fj, then ( = 77 (£,77 G Q) provided 
rs _1 is not a root of unity. As a result, we have the following proposition. 

Proposition 1.7. /5W, Cor. 5.i^y Let M be a finite- dimensional module for 
U r ,s{sl n ) or for U r , a (Ql n ). If rs _1 is not a root of unity, then the elements ej,/j 
(1 < i < n) aci nilpotently on M. 



When rs~ is not a root of unity, a finite-dimensional simple module M is a 
highest weight module by Proposition 1.7 and (1.6). Thus there is some weight 
ip and a nonzero vector v G such that ejVo = for all j = 1,... , n — 1, 
and M = U.vq. It follows from the defining relations that U has a triangular 
decomposition: J7 = U~U°U + , where U + (resp., U~) is the subalgebra generated 
by the elements (resp., /j). Applying this decomposition to Vo, we see that 
M = ®ceQ+ M ^. { - Ci y wh ere Q+ = Y^Zl ^>o«;- 

When all the weights of a module M are of the form A, where A G A, then for 
brevity we say that M has weights in A. Rather than writing for the weight 
space, we simplify the notation by writing M\. Note then (1.6) can be rewritten 
as ejM\ C M\ +a . and fjM x C M\_ a .. Any simple [/-module having one weight 
in A has all its weights in A. 

Next we give an example of a simple [/-module with weights in A, which is the 
analogue of the natural representation for g[ n . 

The natural representation for [/ r s (gl„) and U r jS (sl n ). 

Consider an n-dimensional vector space V over IK with basis {vj \ 1 < j < n}. 
We define an action of the generators of U = [/ rjS (gl n ) by specifying their matrices 
relative to this basis: 

e 3= E 3j+i> fj = E j+i,j, (l<j<n) 
bi = sE^i + ^E^k (l<«<n). 
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It follows that Uj = ajb j+1 = rEjj + sE j+1 j +1 + Y,k^j,j+i E k,k and iv'j = aj +1 bj = 
sEjj + rEj + ij + i + Ylk^j j+i Ek,k- Now to verify that this extends to an action of 
U, (hence of U = U riS (sl n )), we need to check that the relations hold. We present 
an illustrative example and leave the remainder to the reader: 

Oi^j = (rEij + ^ Ek,k)Ej,j+i 

= f rE jd+1 if j = i 
\ E jd+1 if j + i. 

This can be seen to equal r^ eua ^ Ejj +1 (rE i)i + J2k^i E k,k), which confirms that 
CLiCj = r( ei ' a ^ ejdi holds. 

It follows from the fact that etjUj = r^ z ' e ^Vj and biVj = s^ i,e ^Vj for all i, j that 
Vj corresponds to the weight ej = e\ — {a\ + • • • + cxj-i)- Thus, V = ©™ = i V £j is 
the natural analogue of the n-dimensional representation of gl n and sl n , and it is a 
simple module for both U and U. When r = q and s = q~ l , hi acts as o" 1 on V, 
and so V is a module for the quotient U q (gl n ) of U qq -i (g( n ) by the ideal generated 
by bi — a" 1 (1 < i < n). This is the natural module for the one-parameter quantum 
group U q (gl n ). A similar statement is true for U q (sl n ). 



§2. Classification of finite-dimensional simple modules 

Results will be stated for [/-modules, but everything holds as well for [/-modules. 

Let U—° denote the subalgebra of U generated by dj, b{ (1 < i < n) and (1 < 
i < n). Let ip be any algebra homomorphism from U° to IK, and be the one- 
dimensional [/-°-module on which ej acts as multiplication by (1 < i < n), and 
U° acts via ip. We define the Verma module M(ip) with highest weight ip to be the 
[/-module induced from V^, that is 

M{i>) = U® i j> V*. 

Let v^j = 1 <8> v £ M(ip), where v is any nonzero vector of . Then = (1 < 
i < n) and a.ty, = x(°W f° r an y « S [/° by construction. 

Notice that U° acts semisimply on M(ip) by relations (R2) and (R3). If AT is a 
[/"-submodule of M(ip), then ./V is also a [/°-submodule of the [/°-module M(ip), 
and so U° acts semisimply on A" as well. If A^ is a proper submodule, it must 
be that N C E mG q+\{o} M (^)^-{-^) h V ( L6 )' as = generates M(tp). 

Therefore M(ip) has a unique maximal submodule, namely the sum of all proper 
submodules, and a unique simple quotient, L(ip). In fact, all finite-dimensional 
simple [/-modules are of this form, as the following theorem demonstrates. 
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Theorem 2.1. Let tp : U° — > K &e an algebra homomorphism. Let M be a U- 
module, on which U° acts semisimply and which contains an element m £ such 
that ej.m = for all i (1 < i < n). Then there is a unique homomorphism of 
U -modules F : M(ip) — > M with F{v^) = m. In particular, if rs _1 is not a root 

of unity and M is a finite- dimensional simple U -module, then M = L(ip) for some 
weight ip. 

Proof. By the hypothesis on m, Km is a one-dimensional [7-°-submodule of M, 
considered as a £/-°-module by restriction. In fact, mapping v$ to m yields 
a [7-°-homomorphism from to Km. By the definition of M(ip), we have 
Hom^ (M(ip), M) = Hom^> (V^, M), so there is a unique f7-module homomor- 
phism F : M{ip) — > M with F{v^) = m, namely F(u ®v) = u.m for all u £ U. 

For the final assertion, note that U° acts semisimply on any finite-dimensional 
simple module M, and by (1.6) and Proposition 1.7, there is some nonzero vector 
m € such that e^.m = (1 < i < n). By the first part, M is a quotient of 
M(ip), and so M = L(ip), as L(V0 is the unique simple quotient of M{ijj). □ 

As a special case, we will consider the modules L(A) = L(A) where A £ A. Let 
A + C A be the subset of dominant weights, that is 

A+ = {A e A | (a h A) > for 1 < % < n}. 

We will show that if L(X) is finite-dimensional, then A € A + . This requires an 
identity for commuting ej past powers of /j. For k > 1, let 




Lemma 2.3. Ifk>\, then 

eif^ftei + mft ^'^lZ^ 

Proof. For fe = 1, the above equations are just one of the defining relations of ?7. 
Assume that > 1 and 

ejf- 1 = tf- 1 * + [fc - 

Then 

eift = (ft 1 * i]/r 2 r2 " fc ";:f" M ) a 
- /r (/«« + ^) + 1* - u/r ( rl A n r 

= /f e< + ^((1 + [* - l]r 1_fc s)^ - (1 + [k - llra 1 "*)^) 
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The argument for the second equation can be done similarly. □ 

Lemma 2.4. Assume rs _1 is not a root of unity. Let M be a nonzero finite- 
dimensional U -module on which U° acts semisimply, and A G A. Suppose there is 
some nonzero vector v £ M\ with e^.w = for all i (1 < i < n). Then A € A + . 

Proof. Proposition 1.7 implies that for any given value of i there is some k > 



such that fi +1 -v = and ff.v / 0. Applying Ci to fj° +1 .v = and using Lemma 
2.3 and the fact that e^.v = 0, we have 



= [k + l]f f~ kU l J~ ku[ .v = ^l(r- fe A(^) - s- k \{u>))ftv. 

Now [k + 1]/ (r — s) ^ as rs _1 is not a root of unity. Therefore, since f k .v ^ 0, 

r- k X{uJi) = s _fc A(^). 

Equivalently, 

r -k r (ei,X) s (e i+1 ,X) _ g -k r (e i+1 ,X) g (ei ,A> 
Qr r -k + {ai,X) _ s -k + ( ai ,\) ^ 

Again, because rs _1 is not a root of unity, this forces (c^, A) = k > 0. Therefore 
AeA+. □ 

Corollary 2.5. When rs _1 is no£ a root of unity, any finite- dimensional simple 
U -module with weights in A is isomorphic to L(X) for some A G A + . 

We will show next that all modules L(X) with A € A + are indeed finite-dimensional, 
and that all other finite-dimensional simple [/-modules are shifts of these by one- 
dimensional modules. In doing this, it helps to consider first the special case of 
simple LV rjS (sl2)-modules. 

Highest weight modules for U = C/^sCsb)- 

For simplicity we drop the subscripts and just write e,f,u,u' for the generators 
of U = Ur^isl?)- Any homomorphism (j) : U — ► IK is determined by its values on uj 
and uj' . By abuse of notation, we adopt the shorthand 4> = 4>(uj) and 4>' = <p(uj')- 

Corresponding to each such (j), there is a Verma module M(<j>) = U ®u>o M,v with 
basis Vj = f J : v (0 < j < oo) such that the [/-action is given by: 

f.Vj = v j+1 

Sr-j+ 1 - 6' s -j +1 

e.Vj = j Vj-i (v-i := 0) 

(2.6) r-s J v i ; 

u.Vj = (j)r- j{ei ' ai) S - 3{e2 ' ai) v 3 = $r-is d v 3 
oj'.v- = (h'r- j{e2 ' ai) s- j{ei ' ai) Vi = 6'r j S - j Vi. 
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( j >r -3 + 1 - (f)'s~ j + 1 

Note that M(<f>) is a simple [/-module if and only if [j] ^ for 

any j > 1. 

Suppose [£ + 11 = for some £ > 0. Then either r e+1 = s e+1 , which 

r — s 

implies rs _1 is a root of unity, or <fi' = (f)r~ £ s e . Assuming that rs _1 is not a root 
of unity and <j>' = <pr~ s , we see that the elements Vi, i > £ + 1, span a maximal 
submodule. The quotient is the {£ + l)-dimensional simple module L (</)), which we 
can suppose is spanned by v ,v\, . . . ,vg and has [/-action given by 

f. Vj = v j+1 , (v e+1 = 0) 

e. Vj = <pr- e [j}[£ + 1 - j] Vj -! (u_i = 0) 



(2.7) 



u.Vj = 4>r 3 s°Vj 
ui'.Vj = <j>r~ e+J s e ~ J Vj. 



When M{4>) is not simple and rs _1 is not a root of unity, j = I + 1 is the unique 
cj)r~i +1 — (f ) ' s -j+ 1 

value such that [j] = 0. In this case, M{4>) has a unique proper 

submodule, namely the maximal submodule generated by ve+i as above. 
We now have the following classification of simple modules for C/r,s(sfe)- 

Proposition 2.8. 

(i) Assume U = [/^ >s (sb) ? where rs _1 is not a root of unity. Let (f) : U° — » K 
be an algebra homomorphism such that <P{uj') = (f)(ia)r~ e s e for some £ > 
0. Then there is an {£ + 1)- dimensional simple U -module L(<p) spanned 
by vectors v ,Vi, . . . ,V£ and having XJ -action given by (2.7). Any (£ + 1)- 
dimensional simple U -module is isomorphic to some such L{4>). 

(ii) If ' v = v\t\ + u 2 e2 € A + ; then v\ — u 2 = £ for some £ G Z> , and v{oj') = 
r i>i s v\ = r vi-£ s v 2 +t = i/^^r-f's 1 i n ffii s case. Thus, the module L(y) is 
{£ + 1)- dimensional and has XJ -action given by (2.7) with (j) = r Ul s U2 = 



Finite-dimensionality of L(X) for A € A + . 

We show below that the simple [/-modules L(A) with A G A + are finite-dimensional. 
For this it suffices to prove that M(A) has a [/-submodule of finite codimension, as 
L(A) is the quotient of M(A) by its unique maximal submodule. 

As A is dominant, fcj = (ojj,A) for i = 1,... , n — 1, are nonnegative integers. 
Define a [/-submodule M'(A) of M(A) by 

n-l 

(2.9) M'{\) = Y J Ufi i+1 .v x . 

i=l 

Our goal is to prove that the module L'(\) = M(X)/M'(X) is nonzero and finite- 
dimensional. 
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By Lemma 2.3 we have 



r -{ai,X) r (£i,X) s {e i+1 ,X) _ s -(ui,\) r {£ i+1 ,\) s (ei,\) 

= [h + 1]/* — -vx 

, r (ei+i,A) „(e i+ i,A> _ „(e i+ i,A) T ,(ei + i,A> 

= [h + l}ft- ~ ~ -vx = 0. 

r — s 

If j ^ i, ejf i i+1 .v\ = f i i+1 ej.v\ = by the defining relations. Consequently, by 
Theorem 2.1, Uf^ +i .v\ is a homomorphic image of M(A — (fcj + l)c>!j), and so all 
its weights are less than or equal to A — (ki + l)ci!j. This implies that v\ M'(A), 
hence L'(A) ^ 0. 

Lemma 2.10. T/ie elements ej,fj (1 < j < re) act locally nilpotently on L'(\). 

Proof. As the Verma module M(A) is spanned over K by all elements X\ ■ ■ ■ Xt-V\ 
where Xi, . . . ,x t G {/i, . . . , / n _i}, * £ ^>o> it is enough to argue by induction on 
t that a sufficiently high power of ej (resp., fj) takes such an element to M'(A). 
If t = 0, then ej .t; A = G M'(A), and fj j+1 .v x G M'(A) by construction. Now 
assume that there are positive integers TVj such that 

ef*ar 2 • • • Xt-V\ G M'(A) and /j% 2 • • • Xt-V\ G M'(A). 

Suppose that xi = /j. If j ^ i, then 

ef'xi • • • x t .v x = fiej i x 2 ■ ■ ■ x t .v x G M'(A). 

Otherwise by Lemma 2.3, 

ef • • • x t . VA = /,ef +1 * 2 • • • + [N, + l]ef g^i^M g2 . . . 

r — s 

Applying relation (R2') and the induction hypothesis, we see that these terms are 
both in M'(A). 

Now f^ i ~ 1 x 1 ■ ■ ■ x t .v\ = f^*X2 ■ ■ ■ x t .V\ G M'(A), and if \i — j\ > 1, we also 
have /• J x\ ■ ■ ■ xt-v\ = fofj 3 x 2 • • • xt.v\ G M'(A). Finally, we need to show that 
if \i — j\ = 1, then ff 3+1 xi ■ ■ ■ Xt-V\ G M'(A). This will follow from the induction 
hypothesis once we know that ff 3+1 fi G Kfjfif^ 3 + Kfif^ J+1 . 

We argue by induction on m > 1 that 

Indeed if m = 1, this follows from relation (R7), but if m > 1, then by induction 
and (R7), 

IT ' 1 /' e fj^fj-fifT 1 ' 1 + WD ^ + x/,/?" 1 - □ 
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Lemma 2.11. Assume rs _1 is not a root of unity, and let V be a module for 
U = U rtS (s[2) on which U° acts semisimply. Assume V = (Bj^z >0 V\-ja for some 
weight A G A, each weight space of V is finite-dimensional, and e and f act locally 
nilpotently on V. Then V is finite- dimensional, and the weights ofV are preserved 
under the simple reflection taking a to —a. 

Proof. Let \i = + ^2^2 be a weight of V, and v G \ {0}. As e acts locally 
nilpotently on V, there is a nonnegative integer k such that e k+1 .v = and e k .v ^ 0. 
By Theorem 2.1, Ue k .v is a homomorphic image of M(/i + ka). But since / acts 
locally nilpotently on Ue k .v, this image cannot be isomorphic to M(/x + ka). Thus 
because M(ji + ka) has a unique proper submodule, Ue k .v = L(/j, + ka), and so it is 
finite-dimensional. Corollary 2.5 implies that fi + ka is dominant. As there are only 
finitely many dominant weights less than or equal to the given weight A, and each 
weight space is finite-dimensional, it must be that V itself is finite-dimensional. 

In particular, V has a composition series with factors isomorphic to L(v) for some 
v G A + . Any weight fj, of V is a weight of some such L{u) with v = v\e\-\-viei G A + . 
By (ii) of Proposition 2.8, L{y) has weights v, v — a, . . . , v — £a where I = v\ — z/ 2 . 
Thus, fj, = v — ja for some j <G {0,1,..., £}. But then \i — (/j,, a)a = v — {I — j)a 
is a weight of L(u) since £ — j G {0,1, . . . ,£}, hence it is a weight of V. Thus, the 
weights of V are preserved under the simple reflection taking a to —a. □ 

Lemma 2.12. Assume that rs~ x is not a root of unity, and let A G A + . Then 
L(X) is finite- dimensional. 

Proof. This follows once we show that L'(A) = M(A)/M'(A), where M'(A) is as 
in (2.9), is finite-dimensional. We will prove that the set of weights of L'(X) is 
preserved under the action of the symmetric group S n (the Weyl group of gl n ) on A 
which is generated by the simple reflections Sj : /j, — > H — cti)cti (1 < i < n). Each 
S* n -orbit contains a dominant weight, and there are only finitely many dominant 
weights less than or equal to A. As the weights in M(A) are all less than or equal to 
A, and the weight spaces are finite-dimensional, the same is true of L'{\). Therefore 
L'(A) is finite-dimensional. 

To see that Sj preserves the set of weights of L'(X), let /j, = [i\e\ + • • • + /U n e n be a 
weight of L'(X). Consider L'(X) as a module for the copy Ui of U rtS (sl2) generated 
by ej, fijLUi,^, and let L[{n) be the C/i-submodule of L'(X) generated by L'(X)^. 
As all weights of L'(X) are less than or equal to A, we have 

for some weight A' < A. By Lemmas 2.10 and 2.11, the simple reflection Sj preserves 
the weights of L'^/j), so in particular, Si(fi) is also a weight of L'{X). □ 

Remark 2.13. It will follow from Lemma 3.7 in the next section that L(A) = L'{X), 
since L(X) is the unique simple quotient of M(A), L'{X) is a finite-dimensional 
quotient of M(A), and by that lemma, every finite-dimensional quotient is simple. 
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Corollary 2.14. Assume that rs -1 is not a root of unity. The finite- dimensional 
simple U -modules having weights in A are precisely the modules L(A) where A € A + . 
Moreover, L(X) = L(fi) if and only if A = fi. 

Proof. The first statement is a consequence of Corollary 2.5 and Lemma 2.12. As- 
sume there is an isomorphism of [/-modules from L(X) to L(p). The highest weight 
vector of L(X) must be sent to a weight vector of L(/i), so A < fi. As a similar 
argument shows that /U < A, we have A = /U. □ 

Shifts by one-dimensional modules. 

Suppose now that we have a one-dimensional module L for U = U r , s (gl n ). Then 
by Theorem 2.1, L = L{\) for some algebra homomorphism \ '■ U° — > IK, with the 
elements e^,/, (1 < i < n) acting as multiplication by 0. Relation (R4) yields 

(2.15) x(^i) = x(aibi+i) = x(ai+ibi) = x(^i) (1 < i < n). 

Conversely, if an algebra homomorphism x satisfies this equation, then L(x) is 
one-dimensional by relation (R4). We will write L x = L{x) to emphasize that the 
module is one-dimensional. 

Proposition 2.16. Assume rs _1 is not a root of unity and L(tp) is the finite- 
dimensional simple module for U = U rjS (Q{ n ) with highest weight ip. Then there 
exists a homomorphism \ '■ U° — > K such that (2.15) holds and an element A € A + 
so that ip = x ' ^- Thus, the weights of L(ip) belong to x "A. 

Proof. When L(tp) is viewed as a module for the copy Ui of U riB (sl2) generated 
by Ci, fijLOijLo'i, it has a composition series whose factors are simple {/^-modules 
as described by Proposition 2.8. As the highest weight vector of L(ip) gives a 
highest weight vector of some composition factor, there is a weight fa of Ui and a 
nonnegative integer t± so that ip(ui) = fa(u)i) and ^(^D = fai^'i) = <M u; i) r_£ ' sli = 
r ijj{uJi)r~ ii s ti . 

Set i n = and define Aj = ^ + • • • + £ n for i = 1, . . . , n. Let A = Y^i=i ^i e i-> 
which belongs to A + . Now we define x '■ U° — ^ K by the formulas 

x ( ai ) = i>( ai )r- {ei > x) = i>{ ai )r-( li+ - +en) 
X (bi) = V(^)s- (£i ' A) = V(6i)*" ( ^ + "' + ' n) - 

Then it follows that 

XK) = x(fli+i6i) = V(^)r-(^+-+^) S -^+-+^) 
= V(wi)r"^/ I r" ( ^+ 1+ '" +£ " ) s" (€l+, " + ^ ) 
= x(aA+i) = x(^i) 
for i = 1, . . . , n — 1, and V> = X ' ^ as desired. □ 

Remark 2.17. If M is any finite-dimensional module, then M = 0™ x 0a^a 

for some weights ^ such that ipi - A (1 < i < m) are distinct cosets in Hom(C/°, K)/A 
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(viewed as a Z-module under the action k ■ tp = ip k ). Then Mj := AeA x is a 
submodule, and M = ®™ 1 Mj. Therefore, if M is an indecomposable [/-module, 
M = ®xeA M ^-\ for some ^ ^ Hom([/ ,IK). A simple submodule 5" of M has 
weights in ip ■ A. By replacing with the homomorphism % for S given by Propo- 
sition 2.16, we may assume that for any indecomposable module M, there is a x 
satisfying (2.15) so that M = AeA M x . A . 

Lemma 2.18. Let % ■ U° K be an algebra homomorphism with xi^i) = 
x{^i) (1 < « < n). Let M be a finite- dimensional U -module whose weights are all 
in x • A. If U° acts semisimply on M, then 

M = L x (g) A 
for some U -module N whose weights are all in A. 

Proof. Let x _1 : U° — > K be the algebra homomorphism defined by x _1 ( a i) = 
xK" 1 ) = (X(a l ))" 1 and x _1 (^) = x^" 1 ) = (x(&;)) _1 for 1 < i < n. Note that 
L x ®L x -\ is isomorphic to the trivial module L e corresponding to the counit. Let 

N = L x -i ® M. 

Then M = L x <g) N as L £ is a multiplicative identity (up to isomorphism) for 
[/-modules. The weights of N are all in x _1 • X • A = A. □ 

We now have a classification of finite-dimensional simple [/-modules. 

Theorem 2.19. Assume rs _1 is not a root of unity. The finite- dimensional simple 
U -modules are precisely the modules 

L x (g) L(A), 

where x '■ U° — > IK is an algebra homomorphism with x = x( w (1 < « < 
and A G A+. 

Proof. Let M be a finite-dimensional simple [/-module. By Theorem 2.1, Propo- 
sition 2.16, and Lemma 2.18, M = L x <& N for some x satisfying (2.15) and some 
simple module N with weights in A. By Corollary 2.5, N = L(X) for some A 6 A + . 
Conversely, any [/-module of this form is finite-dimensional by Lemma 2.12 and 
simple by its construction. □ 

Remark 2.20. If r = q and s = q -1 for some q G K, the classification of finite- 
dimensional simple U q (sl n ) -modules is a consequence of Theorem 2.19 applied to 
U qq -i (sl n ): The simple [/ g (s[ n )-modules are precisely those simple U qq -i(sl n )- 
modules on which uj[ acts as , so that 



X(ui) = x(w-) = xK 
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This implies x( w i) = ±1 (1 < * < n )- Each choice of algebra homomorphism 
X '■ U — > IK with = x( w D = yields a one-dimensional U q n-i (s( n )-module 

L x , and so the simple U q (sl n ) -modules are the L x <g> L(A) with A G A + and x as 
above. (Compare with [Ja, §5.2, Convention 5.4, and Thm. 5.10].) 

Remark 2.21. We can interpret Proposition 2.8 in light of Theorem 2.19: Let L{4>) 
be the simple ?7 rjS (sl2) -module described in the proposition. Let A = ie\ G A + and 
define x '■ U° — > IK by x( w ) = <^(w)r _£ , x( w ') = (/>(uj')s~ £ = <t>{u)r~ e s e s~ e = x( w )- 
Then = x • A and L(4>) ^ L x <g> L(A). 



§3. Complete reducibility 

In this section we will establish complete reducibility of all finite-dimensional 
?7-modules on which U° acts semisimply. However, it is helpful to work in a more 
general context. 

Let O denote the category of modules M for U = U rtS (gl n ) which satisfy the 
conditions: 

(01) U° acts semisimply on M, and the set wt(M) of weights of M belongs to A: 
M = 0Aewt(M) where M\ = {m G M \ a^m = r< £i ' A >, 6j.m = s< e «> A > 
for alH}; 

(02) dim K M A < oo for all A G wt(M); 

(03) wt(M) C U mG f(/" - Q + ) for some finite set F CA. 

The morphisms in O are ^/-module homomorphisms. 

All finite-dimensional [/-modules which satisfy (1) belong to category 0, as do 
all highest weight modules with weights in A such as the Verma modules M(A). 

We recall the definition of the quantum Casimir operator [BW, Sec. 4]. It is a 
consequence of (R2) and (R3) that the subalgebra U + of U (or of U = U riS (sl n )) 
generated by 1 and a (1 < i < n) has the decomposition U + = ©£eQ+^£~ where 

U£ = {z G U + | ciiZ = r^ €i '^zai, biZ = s^'® zbi (1 < % < n)}. 

The weight space U£ is spanned by all the monomials • • • such that + 
■ ■ ■ + aii e = £• Similarly, the subalgebra U~ generated by 1 and the fa has the 
decomposition U~ = (B^^q+UZ^- The spaces and UZ^ are nondegenerately 
paired by the Hopf pairing defined by 

(3.1) (u'^Uj) = r<^' ai> s^+ 1 ' ai) 

(b n ,a n ) = l, (b n ,u; j ) = S -^\ {u' i ,a n ) = r^>^. 

(See [BW, Sec. 2].) The Hopf algebras U and U are Drinfel'd doubles of certain 
Hopf subalgebras with respect to this pairing [BW, Thm. 2.7]. Let = diniK Ut. 
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Assume {ufy'lLi 1S a basis for , and {w^lfcLi is the dual basis for UZ^ with 
respect to the pairing. 

Now let 

(3-2) n= £ £^)<i 

CGQ+ fe=l 

where 5 denotes the antipode. All but finitely many terms in this sum will act as 
multiplication by on any weight space M\ of M G O. Therefore fl is a well-defined 
operator on such M. 

The second part of the Casimir operator involves a function g : A — > IK* defined 
as follows. If p denotes the half sum of the positive roots, then 2p = X]j=i( n + 1 — 
2j)ej G A. For A <G A, set 

(3.3) g(X) = ( rs -i)!<A+2p,A>_ 

When M is a {/-module in O, we define the linear operator S : M — > M by 

£(m) = g(X)m 

for all m G Ma, A G A. Then we have the following result from [BW]. 

Proposition 3.4. [BW, Thru. 4-20] The operator : M — > M commutes with 
the action of U on any U -module M G 0. 

We require the next lemma in order to prove complete reducibility. 

Lemma 3.5. Assume rs~ x is not a root of unity, and let A, p G A + . If X> p and 
dW = 9(1*), then X = p. 

Proof. Because A > p, we may suppose X = p + (5 where /? = 5^=1 anc ^ 
fcj G Z> . By assumption we have 

(rs -l ) I(A+2p,A> = g ( X )=g( y p) = ( rs -l)^(M+2p,M> ) 

and as rs _1 is not a root of unity, it must be that (A + 2p, A) = (p + 2p,p), or 

equivalently, 2(p + p, 0) + (/?, 0) = 0. Since // G A + , p = p x e\ + /x 2 e 2 H + ^n£™ 

where pi £ Z for all i and pi > P2 > ■ ■ ■ > pn- Then 

= (2^ + 2p,/3) + (/3,/3) 

n — 1 n 

= ^ fc< (2pi + (n + 1 - 2i) - 2/ii+i - (n + 1 - 2(i + 1))) + ^(A;, - fe,_i) 2 
i=l i=l 

(fc = = k n ) 

n — 1 n 

= ^2 2ki{pi - p i+1 + l) + ^2(ki - h-x) 2 . 

i=l i=l 

The only way this can happen is if ki = for all i and A = p. □ 
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Lemma 3.6. Assume that rs 1 is not a root of unity. 

(i) ClE acts as multiplication by the scalar g(X) = (rs _1 )i( A+2p,A ^ on the Verma 
module M{\) with A € A, hence on any submodule or quotient of M(A). 

(ii) The eigenvalues of the operator QE : M — > M are integral powers o/(rs _1 )2 
on any finite- dimensional M € O. 

Proof. By its construction, QE acts by multiplication by g(X) = (rs _1 )^ A + 2 ^> A ) on 
the maximal vector v\ of M(A). But since M(A) = [/.«a and OH commutes with 
[/ on modules in O, OH acts as multiplication by (rs _1 )^ A+2p ' A ^ on all of M(A). 

If M € is finite-dimensional, it has a composition series. Each factor is a finite- 
dimensional simple [/-module with weights in A, and in particular, is a quotient 
of M(A) for some A G A. On such a factor, OH acts as multiplication by <?(A). 
Therefore the action of OH on M may be expressed by an upper triangular matrix 
with each diagonal entry equal to g(X) for some A <G A. □ 

Lemma 3.7. Assume rs -1 is not a root of unity. Let A 6 A and M be a nonzero 
finite- dimensional quotient of the Verma module M(A). Then M is simple. 

Proof. First observe that by Lemma 2.4, A <G A + . Assume M' is a proper submodule 
of M. As M is generated by its one-dimensional subspace M\, we must have 
M' x = 0. Let /i £ A be maximal such that M'^ ^ 0, and note that < A. Let 
m! be a nonzero vector of M^. By maximality of /i, we have ei.m' = for all 
i (1 < i < n). Letting M" = U.m', a nonzero finite-dimensional quotient of M(/j,), 
we see that \i € A + as well. By Lemma 3.6 (i), flE acts as multiplication by g(X) 
on M, and by <?(/i) on M" . This forces g(A) = g(n), which contradicts Lemma 3.5 
as /i < A. □ 

Theorem 3.8. Assume rs -1 is not a root of unity. Let M be a nonzero finite- 
dimensional U -module on which U° acts semisimply. Then M is completely re- 
ducible. 

Proof. We will establish the result first in the case M has weights in A. Write M as 
a direct sum of generalized eigenspaces for OS. Note that by Proposition 3.4, this 
is a direct sum decomposition of M as a [/-module. Therefore we may assume M 
is itself a generalized eigenspace of QE, so that (OH — (rs~ 1 ) c ) d (M) = for some 
c € |Z, d = dimicM, by Lemma 3.6 (ii). 

Let P = {m G M \ ei.m = (1 < i < n)}, and note that P = © A £A-P\, 
P\ = P D M\. If m G Pa - {0}, the [/-submodule U.m of M is a nonzero quotient 
of M(A) by Theorem 2.1. By Lemma 3.7, each such U.m is a simple [/-module, 
and so the [/-submodule M' of M generated by P is a sum of simple [/-modules. 
That is, M' is completely reducible. Let M" = M/M'. 

Assuming M" ^ 0, there is a weight \jl £ A maximal such that M'^ ^ 0. Let 
m" € M'^ — {0}. By maximality of fi, we have ei.m" = for all i (1 < i < n). 
By Lemma 2.4, we have (i £ A + , and by Theorem 2.1 and Lemma 3.6, ViE acts 
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as multiplication by g(/i) on the [/-module U.m" generated by m" . This implies 
g(fi) = (rs' 1 ) . 

Let m G M M be a representative for m" G (M/M') M , and Mi = U.m. Then the 
module M\ is a direct sum of its intersections with the weight spaces of M, so there 
is a weight 77 G A maximal such that Mi n M v / 0. Let mi G Mi n — {0}, so 
that ej.mi = for alH (1 < i < re). Again applying Theorem 2.1 and Lemmas 2.4 
and 3.6, we have r\ G A + and fiS(mi) = g(rj)mi. Therefore 5(7?) = [rs~ v ) c . 

We now have ^(/i) = 5(77), where 77, // G A + , and r/ > /t by construction. By 
Lemma 3.5, 77 = /j, so Mi is the one-dimensional space spanned by m, and ej.m = 
(1 < i < n), that is m G P. This implies m" = 0, a contradiction to the 
assumption that M" ^ 0. Therefore M" = 0, and M = M' is completely reducible. 

Finally, we consider the case that M does not have weights in A. We may assume 
that M is indecomposable. By Remark 2.17, M has all its weights in x • A for some 
X satisfying (2.15). By Lemma 2.18, M = L x ® N for some [/-module N whose 
weights are all in A. Note that U° acts semisimply on as well (N = L x -i (g) M), 
and so A^ is completely reducible by the above argument. As the tensor product of 
modules distributes over direct sums, M is itself completely reducible. □ 

Remark 3.9. It is necessary to include the hypothesis that U° acts semisimply 
in Theorem 3.8, as the next examples illustrate. (Recall that U° does indeed act 
semisimply on any simple [/-module, as remarked in the text following (1.6).) Let 
V = K m for m > 2 and G K \ {0}. We define a [/-module structure on V 
by requiring that , /, act as multiplication by and a, , bi act via the m x m 
Jordan blocks with diagonal entries respectively. The relations of U hold on 
V: (Rl) is satisfied as these matrices are invertible and commute with one another. 
(R4) holds as aj&j+i and otj+ib, act via the same matrix. The remaining relations 
hold as ej, act as multiplication by 0. The scalars £, may be chosen so that V 
has weights in A, for example choose an integer c, let A = c(e\ + •••£„), and set 
£ = r c = A(aj), £' = s c = A(6j). Clearly F is not completely reducible as the Jordan 
blocks are not diagonalizable. A related example for U r s (si n ) is given by sending 
LOi,^ to the same Jordan block with diagonal entries - {0} (1 < i < n). 

§4. The ^-matrix 

In this section we recall the definition of the i?-matrix from [BW, Sec. 4] and 
use it to prove a more general result on commutativity of the tensor product of 
finite-dimensional modules than was given there (compare [BW, Thm. 4.11] with 
Theorem 4.2 below). Let M, M' be [/-modules in category O. We define an isomor- 
phism of [/-modules R M ',m ■ M'®M -> M®M' as follows. If A = Y17=i ^i a i G A > 
where a n = e n , set 

w A = ^ 1 ---^r 1 1 a^ 

W / A = K) Al -"K-l) A "- 1 ^- 

Also let 

CeQ+ fc=i 
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where the notation is as in the paragraph following (3.1). Define 

Rm',m = QofoP 

where P(m' ® m) = m ® m', /(m ® m') = (u^,^) -1 ^ ® m') when m G M\ 
and m' G M^, and the Hopf pairing ( , ) is defined in (3.1). Then Rm',m is an 
isomorphism of {/-modules that satisfies the quantum Yang-Baxter equation and 
the hexagon identities [BW, Thms. 4.11, 5.4, and 5.7]. 

We will show that the tensor product of any two finite-dimensional {/-modules 
in O is commutative (up to module isomorphism). We first prove this in the special 
case that one of the modules is a one-dimensional module L x = L(x), as defined in 
Section 2. 

Lemma 4.1. Let M be a U -module in category O, and let L x be a one- dimensional 
U -module. Then 

L x ® M = M ® L x . 

Proof. Fix a basis element v of L x . Define a linear function F : L x ® M — > M ® L x 
as follows. If m G M\, where A = — Yl7=i c i a i> then 

F(v ® m) = Xi 1 ' • • Xn" m ® ^) 
where Xi = x( w i) = x( w (1 < i < n) and Xn = x( a n)- Clearly F is bijective, and 
we check that F is a [7-homomorphism: 

e;.F(i; ® m) = xT • ■ ■ X°n( e i ® 1 + ® e;)(m ® u) 
= Xi •••Xn"ei.m®t;. 
On the other hand, as e^.m G MA+ Qi , we have 

F(ej.(v ® m)) = F((ej ® 1 + ® e;)(v ® m)) 

= Xi-^( w ® e^ 771 ) 

= XiixT ■ ■ ■ x?' 1 ■ ■ ■ Xn n ) e i- m ® V 

= ei.F(v ® m). 

Similarly, F commutes with /j. As the action by eij, 6^ preserves the weight spaces, 
F commutes with a^, 6, (1 < i < n) as well. Therefore F is an isomorphism of 
[/-modules. □ 

Theorem 4.2. Let M and M' be finite- dimensional U -modules with U acting 
semisimply. Then 

M ® M' ^ M' ® M. 

Proof. As the tensor product distributes over direct sums, we may assume that 
M and M' are indecomposable. Therefore the weights of M are all in x • A for 
some algebra homomorphism x '■ U° — > IK with x( u i) = x(^4)- (^ ee Remark 2.17.) 
By Lemma 2.18, M = L x ® N for some module N with weights in A. Similarly, 
M' = L x > ® N' for some x'- By Lemma 4.1 and [BW, Thm. 4.11], 

M ® M' = (L x ® N) ® (L x > ® A') ^ (L x ® L x >) ® (A ® A') 

(L x / ® L x ) ® (N' ® A) 

= (L x > ® A') ® (L x ® N) = M' ® M. □ 
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§5. Tensor powers of the natural module 

In this section we consider tensor powers V® k = V ®V ® - ■ -®V (k factors) of the 
natural module V for U (defined in Section 1). Set R = Ry,v, and for 1 < i < k, 
let Ri be the [/-module isomorphism on V® k defined by 

Ri{z\ ® z 2 ® ■ ■ • <S> Zk) = zi ® ■ ■ ■ ® Zi-i ® R(zi ® z i+1 ) ® z i+2 ® ■ ■ ■ ® z k . 

Then it is a consequence of the quantum Yang-Baxter equation that the braid 
relations 

Ri+i o Ri o R i+ i for 1 < i < k 
Rj ° Ri for \i — j\ > 2 



^ Ri ° Ri+l ° Ri — 

Ri o Rj = 

hold. 

We would like to argue that 



(5.2) 



Ri 



(1 - rs~ l )Ri + rs _1 Id 



for all z = 1, . . . , k — 1 . For this it suffices to work with the 2-fold tensor product 
V®V. 

Proposition 5.3. Whenever s ^ —r, the module V ® V decomposes into two 
simple submodules, S% a (V) (the (r, s)- symmetric tensors) and A^ S (V) (the (r,s)- 
antisymmetric tensors). These modules are defined as follows: 

(i) S^ S (V) is the span of {vi®Vi \ 1 < i < n}U{vi®Vj+sVj®Vi \ 1 < i < j < n}. 

(ii) A^ S (V) is the span of {vi <g> vj — rvj ® Vi \ 1 < i < j < n}. 



Proof. The following computations can be used to see that S> a (V) and S (V) are 
submodules: 

e k .(vi <g> Vi) = 5 itk +i(vk ® v k+ i + s-Vfc+i ® Vk) 
f k .(vi <g> Vi) = 5 iik {v k ® v k+ i + sv k+1 (g) v k ) 



e k .(vi ® Vj + svj ® Vi) 



f k .(Vi ® Vj + SVj (g) Vi 



( 

V k ® Vj + SVj ® v k 
Vi®V k + SV k ® Vi 

(r + s)v k ® v k 

( 

Vi ® V k + i + SV k + i ® Vi 
V k + i ® Vj + SVj ® V k + i 

k (r + s)v k+ i ® v k+1 



if k + l^i,j 

if k + 1 = i 

if A; + 1 = j, k 7^ i 

if A; + 1 = j, k = i 

if k ^ i,j 

if A; = j 

if k = i, k + I ^ j 

if A; = i, k + 1 = j 
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ek-(vi ® Vj - rvj ® Vi) 





Vk ® Vj — rvj 
Vi®v k - rv k 




•v k 



fk-(vi ® Vj - rvj ® -Ui) 





Vi ® w fc +i - r-Wfc+i ® 
® «j - rvj ® v fc+ i 





if k + l^i,j 

if fc + 1 = i 

if fe + 1 = j, k ^ i 

if + 1 = j, k = i 

if + i,j 

if fe = j 

if k = i, k + 1 ^ j 

if /c = i, + 1 = j. 



Note that each weight space of S% S (V) is one-dimensional and is spanned by 
one of the weight vectors listed in (i). Therefore any submodule of S% S (V) must 
contain one of these vectors. The above computations show that any of these 
vectors generates all of S% a (V) in case s / — r. In particular, v\ ® v\ is a highest 
weight vector, and it is easy to see that given any other vector in (i), there is an 
element of U taking it to v\ ® V\. Therefore S% S {V) is simple. A similar argument 
proves that S (V) is simple, with highest weight vector v\ ® v 2 — rv^ ® v\. □ 



Remark 5.4. The s = — r case is "nongeneric," and in this exceptional case, 
V ® V need not be completely reducible. For example, when n = 2 what happens 
is that V\ ® t>2 — tvi ® V\ spans a one-dimensional module (as it does for n = 2 
generic) that is not complemented in V ® V. Modulo that submodule, V\ ® V\ 
spans a one-dimensional module. Modulo the resulting two-dimensional module, 
v 1 ® V2 + rw 2 ® f 1 and t> 2 ® ^2 span a two-dimensional module. 

Proposition 5.5. The minimum polynomial of R = Ry,v onV<g>V is (t — l)(t + 
rs _1 ) if s ^ —r. 

Proof. It follows from the definition of R that ®«i) = v± ®^i and ®w 2 — 
ru2 ® «i) = — rs _1 (wi ® f 2 — rw 2 ® Vi). By Proposition 5.3, S^ S (V) and Aj! (V) 
are simple, and in fact, t>i ® «i and V\ ® -y 2 — r«2 ® t>i are the highest weight 
vectors. In particular, each is a cyclic module generated by its highest weight 
vector. As Ra{v\ ® V\) = aR(v\ ® Vi) = a(t>i ® wi) for all a £ U, this implies 
that <Sf s (V) is in the eigenspace of i? corresponding to eigenvalue 1. Analogously, 
^r,s(Y) corresponds to the eigenvalue — rs _1 , and since V ® V is the direct sum of 
those submodules, we have the desired result. □ 



From Proposition 5.5 it follows that R acts as 
(5.6) r EjjQEij + s- 1 ^ E i,j® E j,i + i 1 -rs' 1 ) ^ E jd E,, ■ ^ E iti ®E iti 

i<j i<j , j i 

on V ® V. Indeed, (5.6) is a linear operator that acts on S% S (V) as multiplication 
by 1, and on A^ S (F) as multiplication by — rs _1 . By Proposition 5.5, R has the 
same properties, and so R is equal to this sum on V ® V. 
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§6. Quantum Schur-Weyl duality 

Assume r, s € K. Let H k (r,s) be the unital associative algebra over IK with 
generators Tj, 1 < i < k, subject to the relations: 

(HI) TiT i+1 Ti = T i+1 TiT i+1 , 1 < i < k 

(U2) T l T j =T j T l , \i-j\>2 
(H3) if = (s-r)Ti + rsl. 

When r ^ 0, the elements ij = r~ x Ti satisfy the braid relations (HI), (H2), 
along with the relation 



(H3') t 2 = {q-\)U + q\, 

where q = r~ 1 s. The Hecke algebra Hk(q) (of type A^_i) is generated by elements 
U, 1 < i < k, which satisfy (HI), (H2), (H3'). It has dimension kl and is semisimple 
whenever q is not a root of unity. At q = 1, the Hecke algebra H k (q) is isomorphic 
to KS k , the group algebra of the symmetric group Sk, where we may identify U 
with the transposition (i i + 1). 

The two-parameter Hecke algebra H k (r, s) defined above is isomorphic to H} c (r~ 1 s) 
whenever r^O. Thus, it is semisimple whenever r~ 1 s is not a root of unity. For 
any a € Sk, we may define T a = T il ■ ■ ■ T it where a = U t . . . U e is a reduced expres- 
sion for a as a product of transpositions. It follows from (HI) and (H2) that T a is 
independent of the reduced expression and these elements give a basis. 

The results of Section 5 show that the [/-module V® k affords a representation 
of the Hecke algebra Hk{r, s): 



(61) H k {r,s) ^End^ fc ) 

sRi (1 < % < k). 

When k = 2 and s + -r, V m = S^ S (V) a£ s (V) is a decomposition of V® 2 

into simple [/-modules by Proposition 5.3. The maps p\ = {sR\ + r)/(s + r) 
and P2 = (s — sRi)/(s + r), (i?i = ifyy), are the corresponding projections onto 
the simple summands. Thus, the map in (6.1) is an isomorphism for k = 2. More 
generally, we will show next that it is surjective whenever rs _1 is not a root of unity, 
and it is an isomorphism when n > k. This is the two-parameter version of the 
well-known result of Jimbo [Ji] that H k {q) = End Uq ( sln }(V® k ) and is the analogue 
of classical Schur-Weyl duality, KS k ^ End 0[ri (V® k ) for n > k. It requires the 
following lemma. The case n < k is dealt with separately, and uses the isomorphism 
H k (r, s) ^ End^(V^ fc ) of the case n = k. 

Lemma 6.2. If n > k and V is the natural representation of U , then V® k is a 
cyclic U -module generated by V\ ® • • • (g> v k . 

Proof. Let v = v\ <g) • • • <g) v k . We begin by showing that if a G S k , then Vo-(i) ® 
• • • (8) ^(fc) G U.v. 
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Suppose we have an arbitrary permutation x\ ® • • • ® Xk {xi £ {v\, ... ,Vk} for 
all i) of the factors of v. For some £ < m, assume that xg = vj and x m = Vj + \. 
Then because of the formulas 



A k 1 (ej) = ujj ® • • • ® ®ej ® 1 ® • • • ® 1 



(6.3) 



i=l 



fc 



A fe - 1 (/ J ) = E^-^i i 



fc- 



l Wj- ® • • • ® Uj , 



1=1 k- 



there are nonzero scalars c and c' such that 

(cejfj + c').(xi ® • • • ® Xfc) = X\ ® • • • ® x m ® • • • ® xi ® • • • ® Xfc. 
Similarly, there are nonzero scalars d and d' such that 

(dejfj + d').(xi ® • • • ® x m ® • • • ® xg ® ■ ■ ■ ® Xk) = X\ ® • • • ® x^. 

As the transpositions (j j + 1) generate Sk, v CT (i) ® ■ ■ ■ ® v CT (fc) £ 17 for all a <E Sk- 

Next we will use induction on A; to establish the following. For any A; ele- 
ments ii, ■ ■ ■ ,ik & {1, • • • ,re} satisfying zi < ^ < ••• < ik, there is a u € 17 
such that u.v = ® • • • ® Vi h and u does not contain any terms with factors 
of fm+i, fm+2, ■ ■ ■ ,fn-2, or / n _i where m = max{i fc ,/c}. If 

k = 1, we may apply / m _i ■ ■ ■ /i to t> = v\ to obtain t> m for any m € {1, . . . , re}. If 
A; > 1, let ^ be such that < ik, ig+i = ie+2 = ■ • • = ^fc- (If no such £ exists, that 
is if «i = • • ■ = ifc, then set £ = and apply u' from (6.5) below to v i ® ■ ■ ■ ® Vk 
to obtain a nonzero scalar multiple of v ^ ® • • • ® v ik .) By induction, there is an 
element u G C7 such that 

(6.4) n.(wi ® • • • ® vg) =v il ® ■ ■ ■ ® Vi e , 

where u has no terms with factors of e m >, e m > + i, . . . , e„_i, f m '+i, ■ ■ ■ , fn-i ( m> = 
m&x{ig,£}). 

Suppose initially that ig < £. Then m' = £, and so u.(v\ ® ■ ■ ■ ® Vk) is a nonzero 
scalar multiple of (v^ ® • • • ® Vi e ) ® (u^+i ® • • • ® t>fc). Now apply 

(6.5) 

(fi k -ifi k -2 ■ -fe+i) ■ ■ ■ (fi k -ifi k -2)(fi k -i){ei k e ik+1 ■ -e k -i) ■ ■ ■ (e ik e ik+ i)(e ik ) 
u' = < if ifc < A; 

k (/ifc-l/ifc-2 • • • /m) • • • (/i fc -l/i fc -2 • • • fk-l)(fi k -lfi k -2 ■■■ fk) if «fc > 

to obtain a nonzero scalar multiple of ® • • • ® Wj & , as desired. (Note that we did 
not use any factors of e m , e m+ i, . . . , e n _i, / m +i, . . . , f n -i for m = max{i fc , fc}.) 

If on the other hand, ig > £ (so that m' = ig and ik > £ + 1), first apply v! from 

(6.5) to ® • • • ® Vk to obtain a nonzero scalar multiple of 

(«i ® ■ ■ ■ ® u^) ® (v ik ® • • • ® v ik ), 
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and then apply u from (6.4) to obtain a nonzero scalar multiple of <g ■ ■ ■ (g> Vi k , 
as desired. 

Finally, if i\, . . . ,i k € {1, . . . , n} are any k elements (not necessarily in nonde- 
creasing numerical order) , let a G S k be a permutation such that 

i a (i) < V(2) < ■ ■ ■ < 

By the first paragraph of the proof, there is an element of U taking v to v CT -i(i) ® 
• ••(g) v CT -i(fc). Now we may apply u from (6.4) and v! from (6.5) in the appropriate 
order (as above) to f CT -i(i) ® • • • (g v CT -i(fc) to obtain a nonzero scalar multiple of 
v h (g • • • <g v ik . □ 

This leads to the two-parameter analogue of Schur-Weyl duality. 

Theorem 6.6. Assume rs~ l is not a root of unity. Then: 

(i) Hk(r,s) maps surjectively onto Embj(V® fe ). 

(ii) If n > k, then H k {r,s) is isomorphic to End^(V® fc ). 

Proof. We establish part (ii) first. Assume F € Endjj(V® h ) and v = v\ ® ■ ■ ■ (g> v k - 
As F commutes with the action of U, F(y) must have the same weight as v, that is, 
ei + ■ • • + efc. The only vectors of V® k with this weight are the linear combinations 
of the permutations of V\ <g> • • • <g v k , so that 

(6.7) F(v) = c a v a{l) (g • • • (g v a{k) , 

for some scalars c CT G K. We will show that there is an element R a in the image 
of Hk(r,s) in Endjj(V® k ) such that R a (v) = v a(i) <8> • • • ® Vo-(fc)- (Previously we 
constructed an element u € U with this property.) 

We begin with the transposition r = tj = (j j + 1). For any tensor product 
Vii <8> ■ ■ ■ <8> ^i fc of distinct basis vectors, we have by (5.6) that 

^ f r^Rjiv^ <g ••• (gfij if ij<ij+i 

^ Ml) ' ' ' Vv<fc) I (si?, + (r - s)Id) K <8> • • • ® Vi J if ij > . 

Therefore, if <r = • • • tj m , a product of such transpositions, we can set R tj e := 
r~ x Rj t or i?* 3 '* := sRj e + (r—s)ld, depending on the numerical order of the appropri- 
ate indices ij t and ij t +i in R 1 ™- 1 o- • -oR^iiv. Then defining = i?* 3m o- • -oR^i e 
End^(y® fe ), we have the desired map such that R a (v) = <g • • • <8> f<r(fc)- 

Now let F = F — Y,a€S k c ° Ra e End^(y® fc ) (with the c CT coming from (6.7)), 
and note that F (v) = 0. As F commutes with the action of U, we have F (U.v) = 
U.Fq(v) = 0. By Lemma 6.2, U.v = V® k . Therefore Fq is the 0-map, which 
implies F = ^2 a€Sk c a R a is in the image of H k (r,s). Consequently, the map 
H k (r,s) — > Endy(V® k ) in (6.1) is a surjection, and Endjj(V® k ) is the K-linear 
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span of {W 7 | a G S k }. Now suppose that YlaeS c <y^ a = f° r some scalars 
c CT G K. Then in particular, 

= c ^ Ra ^ = Yl c ^^(i) ® ■ ■ ■ ® Mfe)- 

The vectors {« CT (i) <8> • • • <8> ^ CT (fc) | <? G <Sfc} are linearly independent, so c CT = for all 
a £ Sk- This implies that | a G Sfc} is a basis for the vector space End^j(V® k ) 
and dim ]K End^(V {glfc ) = kl . Because H k (r,s) is isomorphic to H k (r~ 1 s), it has 
dimension k\ also. Therefore, H k (r,s) is isomorphic to End^(y (glfc ) for n > k, as 
asserted. 

Next we turn to the proof of (i) and assume here that n < k. For i = n,k, 
let Ui = U^gfalj), let Aj be the weight lattice of g^, and let Vi be the natural 
f/i-module. By (ii), we may identify Hk(r, s) with Endj^ (V® h ). We will show that 
Hk(r,s) maps surjectively onto End^ (V® k ). 

Consider V® k as a [/^-module via the inclusion of U n into U k , and regard V® k 
as a J7„-submodule of V® k in the obvious way. Now V® k is a finite-dimensional i7 n - 
module on which U® acts semisimply, so by Theorem 3.8, it is completely reducible. 
Therefore, 

(6.8) V® k = L x © • • • © L t 

for simple [/^-modules Li. It suffices to show that the projections onto the simple 
summands Li can be obtained from H k (r, s). 

Consider 

(6.9) U k .V® k = U k .L 1 + --- + U k .L t , 

the {7fc-submodule of V® generated by V® k . By Corollary 2.5, each Li is isomor- 
phic to some L(Xi), Aj G A+, and in particular is generated by a highest weight 
vector rrii with ej.rrii = for all j (1 < j < n). We claim that ej.rrii = as well when 
n < j < k. This follows from the expression for A fe_1 (ej) in (6.3) and the action 
of ej on the natural module V k for U k given by ej.Vi = 8ij + \Vj, because rrtj must 
be some linear combination of vectors <g> ■ ■ ■ <8> Vi k with ii, . . . , ifc G {1, . . . , n}. 
Therefore m, is also a highest weight vector for the finite-dimensional [4-module 
U k .Li. By Theorem 2.1 and Lemma 3.7, U k .Li = U k .rrii is a simple [/^-module. 
Therefore (6.9) must be a direct sum: 

U k .V® k = U k .L 1 ®---®U k .L t . 

Because V® k is a completely reducible [/^-module, there is some complementary 
C/fc-submodule W such that 

(6.10) V® k = U k .L 1 ®---eU k .L t (BW. 

Let TTi G iifc(r, s) be the projection of V® k onto U k .Li. Then, 7Tj commutes with the 
f/fc-action, and acts as the identity map on U k .Li and as on the other summands 
in (6.10). Since Lj C U k .Lj for all j, the map 7Tj restricted to V® commutes 
with the [/^-action and is the projection onto Lj. Thus, H k (r,s) — > End^ (V^ fe ) 
is onto. □ 
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